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Exercise 5.2

Question 1: sin (x* + 5)

Differentiate the functions with respect to x.

Answer

Let f (x)=sin(x" +5), u(x)=x"+5, and v(t) =sint
Then, (vou)(x)= v(u(x]) = v(x: + 5] = tan(x: i+ 5) = Fix)
Thus, fis a composite of two functions.
Putf=u(x)=x"+35

Then, we obtain

dv

d, . N
E=a(smt]=cos!=cos(x +:\)

di d

i X +5)= i(f)+%(§): 2x+0=2%

dx

Therefore, by chain rule, i’: =X %g = cos(x! + 5) X 2 X8 2xcos(x: - 5]

Alternate method
i—[sin(r’ +5]] = cos(.r: +5_]-%(x3 +5)
" d 73 d
= cos(x’ +5)-|:E(x‘)+a(5)]
=cos(x: +5]-[2.\:+0]

= 2.':'(:05(.1:2 + 5)

Question 2: €os (sin x)

Differentiate the functions with respect to x.
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Answer

Let f(x)=cos(sinx),u(x)=sinx, and v(r) = cost
Then, (vou)(x) = \'(u(x)) =v(sinx)=cos(sinx)= f(x)
Thus, fis a composite function of two functions.

Putt=u (x) = sinx

cdv d . v s
..$=;r—[cos.r]=—smr=—sm(smx)
d _d .

d—=d—[smx)=cosx

X X

df dv di i 0
~ = —.— = —sin(sinx)-cosx = —cosxsin(sin x)
By chain rule, dx  di dx

Alternate method

:t [cos(sin.r)} = —sin (Sil‘l_\:)'}i-(‘_‘}il‘l x)==sin(sinx)-cosx=—cosxsin(sinx)

Question 3: sin (ax + b)

Differentiate the functions with respect to x.

Answer

Letf(x)=sin(ax+b), u(x)=ax+hb. and v(t)=sint
Then, (vou)(x)=v(u(x))=v(ax+b)=sin(ax+b)= f(x)
Thus, fis a composite function of two functions, u and v.

Putt=u(x)=ax+b

Therefore,
a_a sint)=cost = cos(ax +b)
didt
d d d d
—=—I/(ax+b)=—/(ax)+—(b)=a+0=a
dx ci\’( ) ci\'( ) cb:( )
Hence, by chain rule, we obtain
d—f=@-£=cos(m+b)-a=acos(ax+b)
dv dt dx
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Alternate method

%[sin (ax+b)] - cos(ux+b).%(w‘+b)

=cos(ax+b) [%(ax)-r %(b)}
=cos(ax+b).(a+0)

=acos(ax+b)

Question 4: S¢ccC (tan (Vx))

Differentiate the functions with respect to x.

Answer

Let f(x)= sec(tan J;).u(x) =x,v(r) = tant,and w(s) = secs

Then, (wovou)(x)= w[v(u(x))] - w[v({?}} = w(lan \/;) = sec(tan J;) = f(x)
Thus, fis a composite function of three functions, u, v, and w.
Puts=v(r)=tant and r = u(x) = /x

Then, 'j; = 3; (secs)=secstan s =sec(tant).tan (tant) s = tan¢]

=5ec(tan\g]-tan(1an\f;) [I=\£\_':|
ds

E—%{lanz)zscczf:scc:ﬁ

d d g &Y 1 34 1
dt_dr(&)_dt(x ]’2’x "2k

Hence, by chain rule, we obtain
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di _dw ds dt
dx ds dr dx
= sec(tan Vx )- tan (tan V/x ) xsec’ \[(_

J_ 2
J—SOC J—SCC(IEIH\'{_ Lan tanJ_)

sec’ J_sec(tan\/_)tan(tan\/_]
2Jx

Alternate method

& [sec(tan V) | =sec(1an ¥ ).tan (1an V) < (1an V)
- e o e ) 2 )
5t:t,(l.m J_)-tun (lanJ;)-sec’(\n_\-.'
(

_ sec(tan \E) 1an(mr}_€]fc>!;1 [J;_)
2Jx

| !

|
2.Jx

sin (ax+b)
Question 5: cos(cx+d)
Differentiate the functions with respect to x.

Answer

sin(ax+b) _ g(x)
cos(ex+d)  h(x)

f(x)=

The given function is , where g (x) = sin (ax + b) and
h (x) = cos (ex + d)

e gh-gh
=f =

Consider g(x) =sin(ax+b)
Let u(x)=ax+b,v(r)=sins

Then, (vou)(x)=v(u(x))=v(ax+b)=sin(ax+b)=g(x)
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« g is a composite function of two functions, v and v.

Put?=u(x)=ax+b
dv

== %(sim} =cost = cos(ax+b)

dar
dx
Therefore, by chain rule, we obtain

g’ :% =i%% =cos(ax+h)-a=acos(ax +h)

Consider h(x)=cos(ex+d)

< (ax+b) =< (ax)+ 5 (h)=a+0=a

Letp(x)=cx+d, g(y)=cosy
Then,(gop)(x)=q(p(x))=¢(cx +d)= cos(cx+d) =h(x)

~h is a composite function of two functions, p'and gq.

Puty=p(x)=cx+d

% = %[cosy) =—siny =-sin(cx+d)

dv d d d

— = +d)= J d)=

e Gl i o S n
Therefore, by chain rule, we obtain

Rl —sin(ex+d)xe=—csin(ex+d)

de dy dv -
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,_acos(ax+b)-cos(cx +d)—sin(ax+b){-csin(cx+d)|
) [cos(cx+d]:|z

sin(ex+d) . 1

cos(cx+d) cos(ex+d)

_acos(ax+b)

= +csinfax+b)-
cos(ex+d) chnfatt)

= acos(ax+b)sec(cx+d)+esin(ax+b)tan(ex+d)sec(ex+d)

Question 6: cos x* . sin? (x°)

Differentiate the functions with respect to x.

Answer

The given function is

%[cosx’ -sin’ (x’” =sin’ (x’)x g (cusx’)+ Co8x’ x

{: ;sitl2 (x“ ):I

dx dx

=sin’ (x" ) X (—sinx’] X %(13)4 Cos X X Zsin(_?j)- (;i[sin .\"‘J

® o, | » 1 (r
= ~sinx’ sin’ (.t’ ) x3x% +28inx" cosx” COS X X ) (x’)
oyt

=-3x"sinx" -sin’ (x’ )+ 2sinx  cos ¥ cos x” -x5x!

=10x"* sin x* cos x* cos x* — 3x” sin xsin’ (x’)

Question 7: 2 cot(x?)

Differentiate the functions with respect to x.

Answer
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-2x

* Jeosx* sin x* sinx?

B 22 x

B JZ sin x” cos x” sinx’
2J2x

sin x*v/sin 2x”

Question 8: cos(\/;)

Differentiate the functions with respect to x.

Answer

Let f(x)= cos(ﬂ]
Also, let u(x)=x
And, v(r) = cost

Then, (vou)(x)=v(u(x))
()
= cosy/x
/()

Clearly, fis a composite function of two functions, v and v, such that
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And, ¥ - i(cosr): ~sint
drdi
:—sin(\!;)
By using chain rule, we obtain

di _dv di
de dt dx

:_sin(&).jv‘f}

=—ﬁsin(\f}]
_sin(v"_;)
2Jx

Alternate method

< [eos(¥) | =—sin (V)< (¥5)

4
. i
= —srn(v’;)xc— ,\*21
(!_\' \ /
=—sinvxx—x 2
2
—sin J;
2Jx
Question 9: Prove that the function f given by
f)=lx-1lL,xe R
is not differentiable at x = 1.
Answer

The given function is
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It is known that a function f is differentiable at a point x = ¢ in its domain if both

c+h)- flc c+h)-flc

i LEHN=1() | F(e+h)-(c)

ey h o= h are finite and equal.
To check the differentiability of the given function at x = 1,

consider the left hand limit of fat x = 1

i SOER)-F() _ 1+ h=1|-1-1|

B} h ir-sll h

— tim P20 _ iy = (h<0=>|H|=-h)
s h [ :

=-1

Consider the right hand limit of fat x =1
(1+h)-f(1 |+ h— =1}
lim M lim ’_|l_I

h— ()’ h h—0’ /|

. |f=0 . K
= lim 40 lim - (A= 0=>{n=h)

=0k =" h

=1

Since the left and right hand limits of fat x = 1 are not equal, fis not differentiable at x
=1
Question 10:

Prove that the greatest integer function defined by

fx)=[x],0<x<3
is not differentiable at x =1 and x = 2.

The given function fis

It is known that a function f is differentiable at a point x = c in its domain if both

SN0 (D)= ()
h

li ) and lim
=l h are finite and equal.

hosi)

To check the differentiability of the given function at x = 1, consider the left hand limit of
fatx =1
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i 207 () L [1+]-[1]

h=) h fr=l) h

: — .1
=lim— = lim—==
fe=s0 h =l h

Consider the right hand limit of f at x =1

- f(+h)-1(1) _ " [1+A]-[1]
h—t) h 0’ h
= iiml:—lz lim0=0

Jr—0" h -’

Since the left and right hand limits of f at x = 1 are not equal, fis not differentiable at
x=1

To check the differentiability of the given function at x = 2, consider the left hand limit
of fatx = 2

f(2+h)-1(2)
h

lim = lim

=) fr—sl}
o 1=2 0 =l

=lim—=lim—=w
=0 h ]

Consider the right hand limit of f at x =1

& f(2+h)-7(2) _ = [2+4]-[2]
h

h—ll’ h =0

o
=!im"—2=lim0=0

= 7 f—d)’
Since the left and right hand limits of f at x = 2 are not equal, fis not differentiable at x
=2
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