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Exercise 6.3

Question 1:

Find the maximum and minimum values, if any, of the following functions given by

() f(x)=(2x -1+ 3 (i) f(x) = 9x? + 12x + 2
(iii) f(x) = =(x = 1)2 + 10 (iv) gx) =x>+1
Answer 1:

(i) The given function is f(x) = (2x — 1)? + 3.
It can be observed that (2x — 1)% = 0 for every x € R.
Therefore, f(x) = (2x — 1)? + 3 = 3 for every x € R.

The minimum value of f is attained when 2x — 1 = 0.

2x—-1=0- *7

| -

4

. (1) @
~ Minimum value of f = jL:‘~[2~] l{ +3=73
Hence, function f does not have a maximum value.

(i) The given function is f(x) = 9x?> + 12x + 2 = (3x + 2)? — 2.
It can be observed that (3x + 2)? > 0 for every x € R.
Therefore, f(x) = (3x + 2)2 — 2 > -2 for every x € R.

The minimum value of f is attained when 3x + 2 = 0.

-2
-0 - x=—
3x+2=0- 3

) -9 %
= Minimum value of f = /'[—;] :[3[?}2) L L

Hence, function f does not have a maximum value.
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(iii)  The given function is f(x) = — (x — 1) + 10.

It can be observed that (x — 1)? = 0 for every x € R.
Therefore, f(x) = — (x — 1) + 10 < 10 for every x € R.
The maximum value of f is attained when (x — 1) = 0.
(x-1)=0 ~ x=0

~ Maximum value of f = f(1) = - (1 = 1)+ 10 = 10

Hence, function f does not have a minimum value.

(iv) The given function is g(x) = x3 + 1.

Hence, function g neither has a maximum value nor @ minimum value.

Question 2:

Find the maximum and minimum values, if any, of the following functions given by
(i) fx)=|x+2] -1 (i)gx)==|x+1]+3

(iii) h(x) = sin(2x) + 5 (iv) f(x) =|sin 4x + 3|

(v) h(x) = x + 4, x€ (-1, 1)

Answer 2:
(i) fx) = |x+2/-1
We know that |x+2|>0 for every x € R.

Therefore, f(x) =|x+2/—12~1 for every x € R.

The minimum value of f is attained when. I.\‘+2| =0
x+2/=0

= x=-2

~ Minimum value of f = f(-2) =|—2+2[—I =-1

Hence, function f does not have a maximum value.
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(i) g(x) = —|x+1/+3

We know that—|x+1[<0 for every x € R,

Therefore, g(x) = —|x+ ||+3 <3 for every x € R.

The maximum value of g is attained when ~ |x+1[=0
x+1=0

=>x=-1

. Maximum value of g = g(—1) = =|-1+1|+3=3

Hence, function g does not have a minimum value.

(iii) h(x) =sin2x + 5

We know that — 1 < sin 2x < 1.
. —1+5<sin2x+5=<1+5
~ 4<sin2x+5<6

Hence, the maximum and minimum values of h are 6 and 4 respectively.

(iv)f(x) = |sin4x + 3|

We know that —1 < sin 4x < 1.

~ 22sind4x+3<4
v 2 < |sindx +3|< 4

Hence, the maximum and minimum values of f are 4 and 2 respectively.
(v h(x) =x+1,x~ (-1,1)

3 K
Here, if a point xo is closest to —1, then we find ="+ 1 <X, +1 for all xo € (-1, 1).

. . x, +1
Also, if x1 is closest to 1, then x, +1 < L7_ +1 forallx € (-1, 1).
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Hence, function h(x) has neither maximum nor minimum value in (-1, 1).

Question 3:

Find the local maxima and local minima, if any, of the following functions. Find also the

local maximum and the local minimum values, as the case may be:

(ii). g(x) = x3 - 3x

(i). f(x) = x2

(iii). h(x) = sinx + cos, 0 <

(v). f(x) = x> — 6x>+ 9x + 15
). g(x)=34

|
(vii). g(-\')='\_—;’3

(viii).  f(x)=xyl=x,x>0
Answer 3:

(i) f(x) = x?
o) =2
Now,
F(x)=0=32=0

(iv). f(x) =sinx —cos x, 0 < x < 2n

Thus, x = 0 is the only critical point which could possibly be the point of local maxima or

local minima of f.

we have, f"(0)=2 which is positive.

Therefore, by second derivative test, x = 0 is a point of local minima and local minimum

value of fat x = 0is f(0) = 0.
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(ii)g(x) = x3 = 3x

ng'(x)=3x"-3

Now,

g'(x)=0=23" =3 x =41

g'(x)=6x

g'(1)=6>0

g'(-1)=-6<0

By second derivative test, x = 1 is a point of local minima and local minimum value of g
atx=1isg(1)=1>-3=1-3==2,

However, x = —1 is a point of local maxima and local maximum value of gat x = -1
isg(l)=(-1*-3(-1)=—-1+3=2.

|8

(iii)h(x) = sinx + cosx, 0 < x < 5

- h'(x)=cosx—sinx

f \

H(x)=0=>sinx= cosx:>hnx—|::>\-§~':t0,£'
)

I (x)=-sinx-cosx= (sin X +Cos x)

/,"(EJ:_ =7 »3_\. > - J2 <0
i)\ 2)NGB
n
Therefore, by second derivative test, x =, is@point of local maxima and the local
JT

T T Lo n | |
maximum value of hat x=-is h[—-)=sm—+cos———_~—. =2,
2 4) 4 a Y

(iv) f(x) =sinx —cos x, 0 < x < 2n

o f'(x) =cosx +sinx

|=
Al;‘
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3n
Therefore, by second derivative test, x= T is a point of local maxima and the local

_ 3In [ 3n . 3n n 1 |
maximum value of f at x="— | v (—)=sm——cos—=—+—= \/5
X ; IS 4 4 4 \/5 \E
77[ . . . .
However, X= 7 is a point of local minima and the local minimum value of f is

[ Tn Tn n | ] —
— |=sin——cos =B e — — = 4R
/[ 4) Y - A

(v) f(x) = x3 - 6x2 + 9x + 15
S (x)=3x" -12x+9
['(x)=0 =3(x* ~4x+3)=0
=3(x-1)(x-3)=0

=x=1,3

Now, f*
(x)=6x-12=6(x-2)
f'(1)=6(1-2)=-6<0

7"(3)=6(3-2)=6>0

Therefore, by second derivative test, x = 1 is a point of local maxima and the local
maximum value of fatx =1isf(1) =1 -6+ 9 + 15 = 19,

However, x = 3 is a point of local minima and the local minimum value of f at x = 3 is
f(3) =27 - 54 + 27 + 15 = 15.
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g(.\')=£+z,.\'>0
2 x
x 1 2
X)=———
g'(x) 53
=

g'(x)=0gives—}=%:»x2=4:x=i2

X &

Since x > 0, we take x = 2.

Now,

g'(x)=0=

Now, for values close to x = 0 and to the left of 0,

to x = 0 and to the right of 0,

-2x

: ;=0=x=0

.\"+2)

g'(x)<0

edukalpclasses.com

g'(x)>0. Also, for values close

Therefore, by first derivative test, x = 0 is a point of local maxima and the local

maximum value of
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(viii)  S(x)=xyl1-x,x>0
o f'(x)=VI=x b x = (-1) =Vl -x -

~ 2(1-x)-x  2-3x

-

Wl-x  241-x
2-3x 2
'(x) = i AN Y y= (a
f'(x) 0:>2\/Tx 0=22-3x=0=>x 3
=
1-x(=3)-(2-3x)| ==
f'(x)== O \)[2 1--*]
d 2 B

2(1-x
_=6(1-x)+(2=3x)
_ 4(1-x)§
_ 3x-4

4(1-x):

ng: 3(?]_4 2-

Therefore, by second derivative test, x:-i- is a point of local maxima and the local

maximum value of f at .\'=; is
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Question 4:

Prove that the following functions do not have maxima or minima:

(i) f(x) = e* (ii) g(x) = logx
(fii)h(x) =x*+x>+x+ 1

Answer 4:

(i). We have,

f(x) = &

s S (x)=€'

Now, if f’(x) =(), thene' =0 But, the exponential function can never assume 0 for any
value of x.

Therefore, there does not exist ¢ R suchthat /'(¢)=0.

Hence, function f does not have maxima or minima.

(ii). We have,
g(x) = log x

Sincelog x is defined for a positive number x, g'(x)> 0 for any x.

Therefore, there does not exist c. R such that g'(c) =0

Hence, function g does not have maxima or minima.

(iii). We have, h(x) = x>+ x>+ x + 1
S (x) =307 +2x 4]

Now,
h(x) =0 3x2+2x+1=0. X=

o

24220 -1+2i
- ¢R

2
6 3

Therefore, there does not exist ¢. R such that. /l'((’) =0

Hence, function h does not have maxima or minima.
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Question 5:
Find the absolute maximum value and the absolute minimum value of the following

functions in the given intervals:

iy [(x)=x,xe[-22] Gi).  J(x)=sinx+cosx,xe[0x]

. 1 ; [ .9
(iii) /(.\‘)=4.\'-—.\“.,\‘€{—2.5]

(iv) f(.\')=(.\'—l): +3,xe[-3,1]

Answer 5:

(i) The given function is f(x) = x3.

sif(x) =35

Now,

f(x)=0 = x=0

Then, we evaluate the value of f at critical-point x = 0 and at end points of the

interval [-2, 2]. f(0) = 0 f(-2) = (-2)3=-8f(2) = (2)°=8

Hence, we can conclude that the absolute maximum value of f on [-2, 2] is 8 occurring

at x = 2. Also, the absolute minimum value of f on [=2, 2] is =8 occurring at x = =2.

(ii)The given function is f(x) = sin X + cos X.
o f'(x)=cosx—sinx

Now,

: . n
f'(x)=0 = sinx=cosx=>tanx=1=x= %

n
Then, we evaluate the value of f at critical point x= 7 and at the end points of
the interval [0, n].
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/'[E]—sin£+cos£—-]—+—l——-z-—
| 4 4 22 2

f(0)=sin0+cos0=0+1=1

2

&I

f(ﬂ):sinn+cosn:0—l:-1

Hence, we can conclude that the absolute maximum value of f on [0, n] is \5

T
occurring at .\'=1 and the absolute minimum value of f on [0, n] is —1 occurring at
X =n.

(i) The given function is f(x)= 4.\'—-;—.\'3‘
Sf(x)=4- %(2.\*) =4-x

Now,
_/"(.\')=0 = x=4

Then, we evaluate the value of f at critical point x = 4 and at the end points of the
9
interval | -2, —
2
; Lz
f(4)=16—5(l6)=16—8:8
1
‘—?:———'z——z-f
f(-2)=-8 2(4) §-2=-10
(9 9 9y
(-GG
“\2 2] 2\2)

” 5
Hence, we can conclude that the absolute maximum value of fon | -2, —} is 8

l8—%-l8—10.l35 7.875

(
occurring at x = 4 and the absolute minimum value of f on {—2, -2-}

is -10 occurring at x = - 2.

(iv) The given function is ‘/'(x)=(.\‘—|): +3.
~S(x)=2(x-1)

Now,

1

f(x)=0= 2(x—=1)=0- x
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Then, we evaluate the value of f at critical point x = 1 and at the end points of the
interval [-3, 1].

F(1)=(1-1y +3=0+3=3

7(-3)=(-3-1)'+3=16+3=19

Hence, we can conclude that the absolute maximum value of fon [-3, 1] is 19

occurring at x = —3 and the minimum value of f on [-3, 1] is 3 occurring at x = 1.

Question 6:

Find the maximum profit that a company can make, if the profit function is given by p(x)
=41 - 24x — 18x?

Answer 6:

The profit function is given as p(x) = 41 — 24x — 18x2.

s p'(x)=-24-36x

p'(x)=-36
Now,
=240 2
7' X =) = X = ——-
P'(x) N
Also,
(Z)--s6
)| — |=-36<0
! 3
2 . . .
By second derivative test, = 3 is the point of local maxima of p.
: )
. Maximum profit = p(— ;J

S D) R
=4I—24(—1J—18[—1J
3 3
=41+16-8
=49

Hence, the maximum profit that the company can make is 49 units.
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Question 7:

Find both the maximum value and the minimum value of 3x* - 8x3 + 12x%? - 48x + 25
on the interval [0, 3].

Answer 7:

L) =2et- 6 + 120 - 48e+ 05

f (x)=120 =25+ -8
=12y’ -2 424
=] (x-2)#2(x-2)
=x-)(r'+2)

Now, f'(x)=Ogvesx= 2 onx =0 vhichthere senatea!rooks

Therefore, we consider onlyx=2€[0, 3|

Now, we evahuat the value of fa crticalpoint.x = 2 andabthe end paiets of the interval [0, 3]

f12)=3(16)-8(8) +12(4)-48(2)+23
=48-64+48-96+2
==3)
£(0)=3(0)-8(0)+12(0)-48(0)+25
=)
1(3)=3(81)-8(27) ¢ 12(9)-48(3) 25
= 43=210+108=144+25 =16

Hence, we can conclude thatthe absolute masimurn value of fon [0, 3] 15 25 occuring & x = 0 andthe absolute minurrum value of ft
[0, 3]15=39 occumngat x =2
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Question 8:
At what points in the interval [0, 2n], does the function sin 2x attain its maximum value?

Answer 8:

Let f(x) = sin 2x.

o f'(x)=2cos2x

Now,

f'(x)=0 = cos2x=0

n 3n bn 77r

= 2x=—, — . —
2% g 2 2
n 3n Sm T;
=2X=—y =, =/, —
4 4 4 4
pea 1’-’5, -5—7£ i and at the

Then, we evaluate the values of f at critical points

end points of the interval [0, 2n].

3n
[4J sm-——l f( A ]—sm?——l

[ J sm——=| f( n)--sin7—n-—l
4 )

£(0)=sin0=0, f(27)=sin2x =0

U\

Hence, we can conclude that the absolute maximum value of f on [0, 2n] is occurring at

.\'=E and .\'=2t-
4 4
Question 9:

What is the maximum value of the function sin x + cos x?

Answer 9:
Let f(x) = sin x + cos x.
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5 f'(x)=cosx —sinx
T Sm
f'(x)=0 = sln\—con_>laln—l_>\—1 T
f"(x)==sinx-cosx=~(sinx+cosx)
Now, f'(x) will be negative when (sin x + cos x) is positive i.e., when sin x and cos x
are both positive. Also, we know that sin x and cos x both are positive in the first

quadrant. Then, f*(x)will be negative when "E[O ]

Thus, we consider =

\/5<()

2
-

#2)-

ESg R
‘*—"nln

T
and the maximum value

x=-

- n] ( n
f =—| Sin—+ co8s~

(4 4
4

By second derivative test, f will be the maximum at
1 1 2 )

x____
)

/'[Ej—sini+cmE =
of fis 4 4 3 \/5 B an

Question 10:
Find the maximum value of 2x3 — 24x + 107 in the interval [1, 3]. Find the maximum

value of the same function in [-3, —=1]

Answer 10:
Let f(x) = 2x3 — 24x + 107.

f'(x)=6x"-24=6(x"-4)

Now,
[(x)=0 =6(x’-4)=0=>x" =4=>x =42
[1, 3] and at the end

We first consider the interval [1, 3]
Then, we evaluate the value of f at the critical point x = 2

points of the interval [1, 3]
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f(2) = 2(8) — 24(2) + 107 =16 — 48 + 107 =75

f(1) = 2(1) — 24(1) + 107 =2 - 24 + 107 = 85

f(3) = 2(27) — 24(3) + 107 =54 - 72 + 107 = 89

Hence, the absolute maximum value of f(x) in the interval [1, 3] is 89 occurring at

X = 3.

Next, we consider the interval [-3, —1].

Evaluate the value of f at the critical point x = =2 ~ [-3, —1] and at the end points of
the interval [1, 3].

f(=3) = 2 (=27) — 24(-3) + 107 = =54 + 72 + 107 = 125
f(-1) = 2(=1) = 24 (1) + 107 = =2 + 24 + 107 = 129
f(-2) = 2(-8) — 24 (=2) + 107 = —16 + 48 + 107 = 139

Hence, the absolute maximum value of f(x) in the interval [-3, —1] is 139 occurring at

X = —2.

Question 11:
It is given that at x = 1, the function x*— 62x? + ax + 9 attains its maximum value, on

the interval [0, 2]. Find the value of a.

Answer 11:
Let f(x) = x* — 62x? + ax + 9.
S f(x)=4x" -124x+a

It is given that function f attains its maximum value on the interval [0, 2] at x = 1.

.'.f'(l)=0
=4-124+a=0
=a=120

Hence, the value of a is 120.
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Question 12:

Find the maximum and minimum values of x + sin 2x on [0, 2n].

Answer 12:
Let f(x) = x + sin 2x.

= f'(x)=142cos2x

; | T T 2n
Now, f'(x)=0=>cos2x==—==C0S—=C08| T—— |=Ccos—
Now, f = = .

pA J J o
2n
2x=2n +— nel
3
T
S>x=nmi—, nel
d
T 2 4n S¢m
> x=—=,—,—,—¢[0,2a]
2 2 2 bl
I Y | J R
2n &® JB

PR P S
AT 3 3Gl
.s.n] st . 10x 5t B
I = |[==—+si— = ——

)3 373 2

‘/'(.0) —045in0=0

f(2n)=2n+sindn =2n+0=2n

edukalpclasses.com

Hence, we can conclude that the absolute maximum value of f(x) in the interval [0, 2n]

is 2n occurring at x = 2n and the absolute minimum value of f(x) in the interval [0, 2n]

is 0 occurring at x = 0.
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Question 13:

Find two numbers whose sum is 24 and whose product is as large as possible.
Answer 13:

Let one number be x. Then, the other nhumber is (24 — x).

Let P(x) denote the product of the two numbers. Thus, we have
P(x)=x(24-x)=24x-x

S P'(x)=24-2x
P'(x)=-2

Now,

P'(x)=0 = x=12
Also,
P'(12)=-2<0

~» By second derivative test, x = 12 is the point of local maxima of P. Hence, the product

of the numbers is the maximum when the numbers are 12 and 24 — 12 = 12.

Question 14:

Find two positive numbers x and y such that x + y = 60 and xy? is maximum.
Answer 14:

The two numbers are x and y such that x + y = 60.

~ y =60 -x

Let f(x) = xy>

= f(x)=x(60-x)

o f'(x)=(60-x)' -3x(60-x)
=(60- r)1[60—.\‘—3.\']

(6()—\) (60~ 4x)

And, 7" (x) =-2(60 - x)(60 - 4x) - 4(60 - x)°
()—\')[60-4x+2(60—.\')]
)=0

Whenx =15, f"
Now, f'(x)=0 = x=60 orx=15

2(6
When x =60, /*(x
( —|"(60—H)(30—|§)=—12x45x15<0.
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~ By second derivative test, x = 15 is a point of local maxima of f.
Thus, function xy? is maximum when x = 15and y = 60 — 15 = 45.

Hence, the required numbers are 15 and 45.

Question 15:
Find two positive numbers x and y such that their sum is 35 and the product x?y® is a

maximum

Answer 15:
Let one number be x. Then, the other number is y = (35 = x).

Let P(x) = x%y>. Then, we have

5

P(x):x:(35—.\')‘

= x(35-x)'(70-7x)
=7x(35-x)" (10~x)

Now, P'(x)=0 = X =0,35,10

And, P (x) =7(35-x)' (10-2)+ 7x| ~(35-)' ~4(35-x) (10-3)

=7(35-x) (10—.x)—7.\-(35~x)'—28x(35—x)"(10—.\-)
=7(35- \)‘[( )(10-x)-x(35-x)- 4.\'(10—.’()]

7(33 x) [350-45x+x" —35x+x" —40x+4¢" |
=7(35-x) (62" ~120x+350)
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When x = 35, y = 35 - 35 = 0 and the product x?y° will be equal to 0.
When x = 0, y = 35 — 0 = 35 and the product x%y> will be 0.
~ x = 0 and x = 35 cannot be the possible values of x.
When x = 10, we have
P"(x)=7(35-10)"(6x100-120x10+350)
=7(25)' (-250) <0

. By second derivative test, P(x) will be the maximum when
x=10andy = 35 - 10 = 25.

Hence, the required numbers are 10 and 25.

Question 16:
Find two positive numbers whose sum is 16 and the sum of whose cubes is minimum.

Answer 16:
Let one number be x. Then, the other numberis (16 — x).

Let the sum of the cubes of these numbers be denoted by S(x). Then,
Sx)=x +(l6—,\');

. 8'(x)=3x"=3(16-x) ", §"(x) = 6x+6(16-x)

Now, §'(x)=0 = 3x"-3(16-x)"=0

:>.x"1—(16—,\')3 =0

= x*=256-x"+32x=0

256

)

=X 8

Now,  §"(8)=6(8)+6(16-8)=48+48=96>0

. By second derivative test, x = 8 is the point of local minima of S.

Hence, the sum of the cubes of the numbers is the minimum when the numbers are 8

and 16 — 8 = 8.
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Question 17:
A square piece of tin of side 18 cm is to made into a box without top, by cutting a square
from each corner and folding up the flaps to form the box. What should be the side of the

square to be cut off so that the volume of the box is the maximum possible?

Answer 17:
Let the side of the square to be cut off be x cm. Then, the length and the breadth of the
box will be (18 — 2x) cm each and the height of the box is x cm.
Therefore, the volume V(x) of the box is given by,
V(x) = x(18 — 2x)?
o V'(x)=(18-2x) - 4x(18-:2x)
=(18-2x)[18=2x~4x]
=(18-2x)(18- 6x)
=6x2(9-x)(3~x)
=12(9-x)(3~x)

Now,V'(x)=0 =>x=9o0rx =3

If x = 9, then the length and the breadth will become 0.
SX # 9,

Now, V'(3)=-24(6-3)=-72<0

By second derivative test, x = 3 is the point of maxima of V.
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Hence, if we remove a square of side 3 cm from each corner of the square tin and make
a box from the remaining sheet, then the volume of the box obtained is the largest
possible.

Question 18:

A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by cutting
off square from each corner and folding up the flaps. What should be the side of the

square to be cut off so that the volume of the box is the maximum possible?

Answer 18:
Let the side of the square to be cut off be x cm. Then, the height of the box is x, the
length is 45 — 2x, and the breadth is 24 — 2x.

Therefore, the volume V(x) of the box is given by,

V(x)=x(45-2x)(24-2x)
= x(1080—90x - 48x +4x" )
=4x° —138x" +1080x
SV (x)=12x" —276x+1080
12(x* —23x+90)
=12(x-18)(x-5)
V"(x)=24x-276=12(2x—23)

Now, J/ ( ) )=> x=18and x =5

It is not possible to cut off a square of side 18 cm from each corner of the rectangular
sheet. Thus, x cannot be equal to 18.
~X=5

Now, Iv"’"(_5)= I2(I0—23)= I2(—13)=—156<0
“*By second derivative test, x = 5 is the point of maxima.
Hence, the side of the square to be cut off to make the volume of the box maximum

possible is 5 cm.
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Question 19:
Show that of all the rectangles inscribed in a given fixed circle, the square has the

maximum area.

Answer 19:
Let a rectangle of length | and breadth b be inscribed in the given circle of radius a.

Then, the diagonal passes through the centre and is of length 2a cm.

Now, by applying the Pythagoras theorem, we have:

(2a) =F +b

=b’'=4a’ -1
=>b=\d4a'-I
Area of rectangle = A= /\4d" =1
dA e ] T I’
-.-'——= 4“~ —I- +l—_—— _2( - V}"“l _IA T T e
dl Wad' I ( ) Vaas-
- 4a’ - 28
Va4a' -1
» 3 y ) _‘2,
N4 P (41~ (da’ -2 )—( : ) :
u _ N4a -1I°
dl’ (4(1"‘ —1"‘)

(47 =) (=40 +1(4a” - 21%)

(4(11 - )
_—12d1+20  -2(6a’ 1)
(402 __,:) (4a2 _,:)

3 3
3 s

Now.idi-j— =0 gives 4a* =2 > /=\2a

= b=\ia -2a* =2 =2a

23 For more study Materials login to
edukalpclasses.com


https://edukalpclasses.com/
https://edukalpclasses.com/
https://edukalpclasses.com/

Chapter - 6
Class 12 Application of Derivatives edukalpclasses.com

Now, when [ = \/Z_a.
d*A —2(\/50)(603 - .’Za:) —8\5413
—— = —— -—~4 < 0
dl 2\/5613 224°

By the second derivative test, when /= J2a

then the area of the rectangle is the maximum.
Since [=b= \/Ea , the rectangle is a square.

Hence, it has been proved that of all the rectangles inscribed in the given fixed circle, the

square has the maximum area.

Question 20:
Show that the right circular cylinder of given surface and maximum volume is such that

is heights is equal to the diameter of the base.

Answer 20:
Let r and h be the radius and height of the cylinder respectively.

Then, the surface area (S) of the cylinder is given by,
S =2mr* +2nrh
§=2nr’

2nr

S(IJ
= ==
2a\r

Let V be the volume of the cylinder. Then,

, 2 2 80 Sr 2
V=mr*h=mw’|—|—=|—-r|l=——7r
2n\r 2

Vv S , dv
Then. ‘:1 =%—3m”. 4 — = —6mr
r YA ! g

dv S
2

=h=

Now, —=0=
n

5 21 f g
When »* = i then 4 ‘ =—61 ,’i \< 0.
on dr- _ 6n}

. )
=3nr° =>r'=—
(3
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. By second derivative test, the volume is the maximum when ==

e (lJ -r=3r-r=2r.

al Lg
Now, when r~ =—, then h=
6n 2n \r
Hence, the volume is the maximum when the height is twice the radius i.e., when the

height is equal to the diameter.

Question 21:
Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic

centimeters, find the dimensions of the can which has the minimum surface area?

Answer 21:
Let r and h be the radius and height of the cylinder respectively.
Then, volume (V) of the cylinder is given by,
V=arh=100 (given)
100
o

b

Surface area (S) of the cylinder is given by,
, , 200
S=2ar +2narh=2nr"+——
>

dS 200 d°S 400
So—=d4ar ——. — =4+ —

dr rooodr A~

S 200
d— =0 = 4nr=—
dr s

. 200 50
=D =—=—
4t =

|
2
=Dr=|—
T
50

|
% iodS
Now. it is observed that when r=| —

, —>0.
dr’

n

~ By second derivative test, the surface area is the minimum when the radius of the
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. : 50
cylinder is — | cm

n
| |
50 3 2x35 50
thnrz[ﬂ)  h= 1 == :\0 ; =2[—0) cm.
V) e
T,

Hence, the required dimensions of the can which has the minimum surface area is given

|
0\ f 50 \3

by radius = (5—) c¢m and height = 2 24 cm.
i \ T

Question 22:
A wire of length 28 m is to be cut into two pieces. One of the pieces is to be made into a
square and the other into a circle. What should be the length of the two pieces so that

the combined area of the square and the circle is minimum?

Answer 22:
Let a piece of length | be cut from the given wire to make a square.

Then, the other piece of wire to be made into a circle is of length (28 — I) m.
. /
Now, side of square = z

1
Let r be the radius of the circle. Then 2 =28~[=>r= g(zg -1). ,

The combined areas of the square and the circle (A) is given by,
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A= (side of the square} + r’

= (n+4)/-112=0

112
= =—
n+4

“2 d’ A

SR — >0

Thus, when n+4 di’

-+ By second derivative test, the area (A) is the minimum when

edukalpclasses.com

112

|=—=

n+4

Hence, the combined area is the minimum when the length of the wire in making the

‘ 112
squareis ")

112 28n
=—cm .

n+4 n+4

is 28~

cm while the length of the wire in making the circle
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Question 23:

Prove that the volume of the largest cone that can be inscribed in a sphere of radius R
is 8/27 of the volume of the sphere.

Answer 23:
Let r and h be the radius and height of the cone respectively inscribed in a sphere of

radius R.

Let V be the volume of the cone.

Then, V =%m‘1h

Height of the cone is given by,

h=R+AB =R+VR'-r [ABC is a right triangle|
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.-.V:%mz(mm)

O SR o
3 3

-9
ar.2 R+ 2 VR -1 + I ar’- ( 'C)
dr 3 3 3 WR -2
2 2 — .
= R il R- e N S
o RN e
= _z.m'R + 27tr(R.2 -"2)—"':"'l
3WR -
3 WR -2
J D,

2 3 RZ > r1 (2ﬂR2 —-QTU':) = (27"'R: _3]”'1)' ( ..r)
av R, 6VR -1
a3 9(R—1)

2 (R =r)(2nR -9 ) 420 RS 30
=—7nR+

27(R3—r2)§

dv 2 3 - 2R’
Now,——=0 = 3 rR=— =
dr ) 3R -1

3’ -2R? 3 X
=2 R=" S 2RVR*-F =3 - 2R
VR = ?

= 4R (R*-r) = (37 -2R)
= 4R - 4R =9r' +4R' ~12P°R*

= 9r* =8R**
== §R2
9
When r* = §R:, then d-,,/ <0,
9 dr-

2
r =

©| o
ki-d

. By second derivative test, the volume of the cone is the maximum when
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When r° =§R3, h= R«—\/R"—§R2 = R-p\/lR3 = R+E=ER.
9 9 9 3 3
Therefore,
=ln(§ R’J(ik’)
3 \9 3
273

- %x (Volume of the sphere)

. . 8
Hence, the volume of the largest cone that can be inseribed in the sphere is 5

&

the volume of the sphere.

Question 24:

Show that the right circular cone of least curved surface and given volume has an

altitude equal to \Etime the radius of the base.

Answer 24:
Let r and h be the radius and the height (altitude) of the cone respectively.

Then, the volume (V) of the cone is given as:

~17

V =1nr:h: h= i‘;
3n r

The surface area (S) of the cone is given by,
S = nrl (where | is the slant height)

=+ 0

\[3 o> 1 P+ P
=7r,[r* + =

— = —

n e

= l\/n:r“ +9)?

7
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6mn’r’
bl y ,"
e : N+ 9y

3n’r® —n?r® -9p?

2yt —9p?
2n’r® -9y’
ds 9?

Now,— = 0= 2r%r® =9)* e
dr 2n°

-~

s W d’S
r y— >

Thus, it can be easily verified that when = O’ dr 0.

. By second derivative test, the surface area of the cone is the least when " = =

|
9p? S 3 (24887 53 s
Whenr’=—-, h=—= 2 ngr J ? 0\/57” = +f

2 5
vy o xr o\

V2§

2

i 3

Hence, for a given volume, the right circular cone of the least curved surface has an

altitude equal to \E times the radius of the base.

Question 25:

Show that the semi-vertical angle of the cone of the maximum volume and of given slant

height is tan'v2

Answer 25:

Let © be the semi-vertical angle of the cone.

It is clear that fe {0. %}

'

Let r, h, and | be the radius, height, and the slant height of the cone respectively.
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The slant height of the cone is given as constant.

Now, r =1sin 8 and h =l cos 6

The volume (V) of the cone is given by,

-
e

—
|

=)

=

l_',)l— '_,)|—. 0d | v

= (I sin’ 0)(/cos)

nl’ sin® @cos

V 13

o
=

[ln o(- sinf))-FC()s()('_’sinBcosB)]

b\'l
53
L |

—
o

|: —sin’+ 2sinf cos 30]

&y _r

i [ ~3sin’ @cos@+2cos’ O -4sin’ ()cosO]
(

11

[%os 0-Tsin’ 0cos()]

32 For more study Materials login to
edukalpclasses.com


https://edukalpclasses.com/
https://edukalpclasses.com/
https://edukalpclasses.com/

Chapter - 6
Class 12 Application of Derivatives edukalpclasses.com

Now.ﬂ- =(
de

= sin’ @ =2sinfcos’ O

=tan’f=2

= tan@ =2

=0 =tan"'2

Now, when @ = tan ' /2. then tan’@'=2 or sin> 8 =2¢os’ 6.
Then. we have:

dv Iz

ST 3
—=—|2c0s’ @ -14605" @ |=-4n/’ cos 0 <0 for B0, =
d6* 3 [ ] E [ 2]

By second derivative test, the volume (V) is the maximum when # = tan"' \ﬁ
Hence, for a given slant height, the semi-vertical angle of the cone of the maximum

. -1 .
volumeis tan 2

Question 27:
The point on the curve x? = 2y which is nearest to the point (0, 5) is

w  (2V2.4) (B) (2\5,0)
(&) (0,0) (D) (2,2)
Answer 27:

The given curve is x? = 2y.
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For each value of x, the position of the point will be Xy ? :
The distance d(x) between the points (,r, \?] and (0, 5) is given by,
2 .\'2 f ) x.‘ 2 .\'4 2
d(x)=(x=0)" +| ==5| =[x +—+25-5x" = ,|—-4x"+25
2 4 4
x -8x x' =2
i) ( L. N 4( 16y’ )100
2\/i—4x’ +25 APENC
4
Now, d'(x)=0=x"-8x=0
= x(#* -—8)= 0
=>x=0.z 2\45
e \ 3 a9,
V' <1637 4100 (3 - 8) - (x™% 8x). - [fL_’:‘;_
And.d”(.\')= = - 2\-“ “'16.\‘ +100
(x* =16x"4100)
(x* —162"+100) (3x* ~8)<2(x 7= 8x)(x' ~8x)
(x*=16x"+100)
(' ~16x" +100)(34" - 8) =2(x* =8z’
= 3
(x* —16x" +100)2
When, x=0,thend"(x)= 362}_8) <0.
When, x=+2V2, d"(x)>0.
.. By second derivative test, d(x) is the minimum at* = 12‘/5.
22|
When x=i:2\/§,y=¥=4.
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Hence, the point on the curve x? = 2y which is nearest to the point (0, 5) is (ﬂ\/i 4)

The correct answer is A.

Question 28: l 3
For all real values of x, the minimum value of ——‘:1— is
1+ x+x°
(A) 0 IS
1
© 3 (D) 3
Answer 28:
|- X%
Let f(x)=—"".
1+ x+x°

W4

) (I +x+.r")(—l . 2.\‘)—(l-x+x2)(l+2x)

(I+x+x3)3
=4+ 2x-x4 20" 2" + 20 = 1-2x+ x4+ 22" - x* - 20
(l+x+x“):
7 =2 Z(x"—l)

1 2

(l+x+x3)' (l+,\'+x3)‘
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5 P () =0 =5t == pred]
2[('l+.\'+.\'3)2(2.1()—(x2 —l)(Z)(|+x+.x'3)(I+2x)]
(I+.~c+.\'2)‘

4(1 +.\'+x3)[(l+.\'+x2 ).Y-(-‘rz -1)(1 +2"')]

T
(I+.\'+.\'“)

Now. /"(x)=

4[.t i e R Ll 2.r]

(.l +XF x5 )-‘
=4(l+3x—.\"")
(l+.\'+.\"')J
o 4(1+34) 4(3)
And )= (1+1405 (3);
_4(1=331)
C(1-141)

4
==2>()
9

Also, f"(-1) 4(-1)=-4<0

edukalpclasses.com

~ By second derivative test, f is the minimum at x = 1 and the minimum value is given

=141

14141 3

by £(1)

The correct answer is D.

Question 29: ;
The maximum value of [.\'(x—l)+ l]‘ D<x<l s

At
(A) (5] (B)
1 (D) 0

Answer 29:
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Let ./'(-\‘)=[.r(.r—])+|:|L,

2x~1
f'(x)z—;
x(x=1)+1]

Now, f'(x)=0 = x= %

A

Then, we evaluate the value of f at critical point

xX=
interval [0, 1] {i.e., at x = 0and x = 1}.

and at the end points of the

| —

£(0)=[0(0-1)+1] =1

F=[10-1)+1)=1

! [
i{i] 1{-1 P33y
(HREEr
2 2\ 2 4
Hence, we can conclude that the maximum value of f in the interval [0, 1] is 1.
The correct answer is C.

For more study Materials login to
edukalpclasses.com


https://edukalpclasses.com/
https://edukalpclasses.com/
https://edukalpclasses.com/

