Class 12

Chapter - 9

Differential Equations

Miscellaneous Exercise 9

Question 1:

edukalpclasses.com

For each of the differential equations given below, indicate its order and degree (if

defined).

(1) ‘/:'E‘ +5.\‘[£T —6y =logx
dx” dx )

@ (F)-o(5) s

(iii) ‘(Z‘I‘—m ‘lry}i—n

Answer

(i) The differential equation is given as:
d'y . [d\
——+5

] —6y=logx

dx’ dx

= 1—‘ + 5\[91] —6y—logx=0
dx” dx )

dy

is two. The highest power raised to dx” is one. Hence, its degree is one.

(ii) The differential equation is given as:

2 A2
(ﬂj —4{i] +7y=sinx
dx dx z

:>(d—‘] —4[i] +7y—sinx=0
dx dx ’

(l:J‘

The highest order derivative present in the differential equation is dx’

dy

. Thus, its order

The highest order derivative present in the differential equation is dx Thus, its order is
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dy

one. The highest power raised to dx is three. Hence, its degree is three.

(iii) The differential equation is given as:
'y . (dy

S 1 —sin i—; =0

dx dx

The highest order derivative present in the differential equation is dx* Thus, its order

is four.

However, the given differential equation is not a polynomial equation. Hence, its degree
is not defined.

Question 2:
For each of the exercises given below, verify that the given function (implicit or explicit)

is a solution of the corresponding differential equation.

. . ‘ z d v i )
(i) y=ae' +be " +X° e X g T o= —xXpFEN=2=0
ax dx
, . Iy . dv
(i) y=¢e" (ucosx | /vsm,\') \ - ‘ —2=<42y=0
dx’ dx
) Iy
(iii) y=xsin3x . : T +9y—6c¢cos3x=0
dy”
2 2 - > j‘
(iv) x =2y logy : (\ +y° ) e xy=0
dx

Answer
. Py > % 2
(iy V=ae +be™" +x

Differentiating both sides with respect to x, we get:
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B ui(v‘ )+/’i e’ )“";_l\(“)

dx de' dx
v
=Y _se* —be* +2x
dx
Again, differentiating both sides with respect to x, we get:

5

dy -
—=—=aqe" +be™™ +2

-

dx”

>
“1v

dy dy
Now, on substituting the values of —l: and ;t—':—in the differential equation, we get:
a. X

L..H.S.
d’y dy ;
X—542—=xyp+x -2
dx” dx

= _\'(ae‘ +be " + 2)+ 2(ae‘ —he " + 2.\") —x(ac" +be™ +x° ) + XA
- (u.\'e" +bxe "+ 2.\')+('2ae' —2be "+ 4.\')—(axe' +bxe " +x° ) + =2

=2ae" -2be " + X’ +6x=2

#()

= L.H.S. # R.H.S.
Hence, the given function is not a solution of the corresponding differential equation.

iy V- e’ (acosx+bhsinx)=ae’ cos x+be’ sinx

Differentiating both sides with respect to x, we get:

7 d .
= =g- (c cosx)+h-—(e‘s:n.\')
dx dx dx
‘lv" J X X a L 3 8 X
:bT:u(e COSX—¢ sm.\'}+h-(c sinx+e cosx)
ax :

- dv =(a +b)e’ cosx+(b—a)e sinx
dx

Again, differentiating both sides with respect to x, we get:
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d’y d I
—_—= +b o] B 08 x )+ h— S8 ‘:n.
dx’ (@#é) d.\‘(e cos x)+( a)d.\'( sin x)
= % :((l+b)-[€‘ c()s'\._e\-sin—\,]_’.(b __a)l:e.r sinx+e COS_\’]
:>g=e" [(a+b)(cosx—sin.\')+(b—a)(sin.\'+cosx):|
dx’
:)il;:e‘["’COS-\'—(lsin.\'+bcos.\'—bsmx+bsin.\'+bcos.\'—asin.\'—acos.\']
dx’
d*y

dy dy

" 2nd ¥ in the L.H.S. of the given differential
Now, on substituting the values of
equation, we get:

d’y . dy
—+4+2-—=—+2y
dx* dx

=2e" (bcosx—asinx)-2e¢’ [(u +b)cos x +(b =a)sm x:l +2¢" (acosx +bsinx)

N

(2bcosx—2asinx) =(2acosx +2bcos x) i|
=e

~(2bsin x-2asinx) +(2a cos x + 2b5in x)
=e'[(2b-2a-2b+2a)cosx |+ e'[(-2a~2b+2a+2b)sinx]
=0
Hence, the given function is a solution of the corresponding differential equation.
(iii) V= xsin3x
Differentiating both sides with respect to x, we get:
dv d

T - T(xsin 3x)=sin3x+x-cos3x-3
oax dax

dv .
— — =sin3x+3xcos3x
dx

Again, differentiating both sides with respect to x, we get:
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d—‘ = i(sin 3x)+ 3i(.\'C053.\')

dx dx x

- =3c083x+ 3[cos 3x+x(—sin3x)- 3]

dx”
=6¢0s3x—9xsin3x
dx”
I d’v _ . . .
Substituting the value of p— in the L.H.S. of the given differential
g8 equation, we get:
d ‘ +9y—6¢o0s3x
dx”
=(6-cos3x—9xsin3x)+9xsin 3x — 6 cos 3x
=(

Hence, the given function is a solution of the corresponding differential equation.
. 2 — 7 .'1 )
(v) ¥ =2 log y

Differentiating both sides with respect to x, we get:

Py=? RE [_y3 log )'-’

dx
dy , 1 dy
-_— X = 2"'-|0g_1!..;.+"7- s ¢ S
dx y dx
dy
=>x=—(2ylogy+y)
dx
dy x

ax y(1+2log y)

dy
Substituting the value of ;: in the L.H.S. of the given differential equation,
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(.rz +y° )%‘— - Xy
e
BT I 1 V) X o
=(2_\. logy+) )——.\'(I+2Iog_r) xX)
¥

=y*(1+2logy):————
a ey) v(1+2logy)

— Xy
=Xy —Xxy

=0
Hence, the given function is a solution of the corresponding differential equation.

Question 3:

Form the differential equation representing the family of curves given by
(x -a): +2y'=d’

where a is an arbitrary constant.

Answer

(x—a ) +2y' =a’

=x +a -2ax+2y’ =a

=2y’ =2ax-x’ (1)

Differentiating with respect to x, we get:

dy 2a-2x

2y—=—=
dx 2
dy a-x
dc 2y

dv  2ax-2x’
->—=—— sl
dx 4.\’}'

From equation (1), we get:

2
—

2ax=2y* +x*

On substituting this value in equation (3), we get:
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dy 2y*-x’°
dx 4xv
dy 2y'-x°
Hence, the differential equation of the family of curves is given as dv 4xy
Question 4:
Prove that x* g =c( s )3 is the general solution of differential

equation, (.x" _3,\—),’)‘1_\- = ( y —3x2y)a{1' where c is a parameter.
Answer
(.\" -3’ )dx = ()"‘ ~3x7y)dy

B a8 1)
dcx y =3xy

This is a homogeneous equation. To simplify it, we need to make the substitution as:

y=w
d d
= —{y

(vx)

dev ! dx
dy dv
—=v+x—
dx dx
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dv
Substituting the values of y and =T
dx
dv  x"=3x(wx)
Vo X = = - 3 T
dx  (vx) —3x7 ()
dv 1-3v
=S VX — = —a
dx v =3»v
dv 143
X — = —fer—
dv v —3v
dv 137 —v(v'-3v)
=S X—= —
dx y' -3
v 1-v
X—=—
de v =3v
v =3y ) dx
= - ’dv:——
' X ". ), .\.

Integrating both sides, we get:
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v =3
I{ l ]d\ =logx+logC’ (2)
—\
vdy
Now, <3
i ] II—-\ -[1—1"
v =3v vidv vdy
:I[—l_—vr}h: 1, =31,, where I, = Il—\” and /, =Il—1'* -(3)
Let 1-v' =1,
d dt
a—(1-v)==
S e
oy dr
v
=vidv= _a
Now, /, —j— = —ll ogr = —]—l()U(l—\ )
R B

And, I, = J’l‘il:.'* - jl :’(d‘; )"

Let v’ = p.
2 ()-L
v dv
:2\'=d£
dv
D\dl—i
Idp‘_ 1 gl+p_llogl+\"
1-p° 22 l1-p| 4 1=y

Substituting the values of I; and I, in equation (3), we get:

J.{‘J L ]a’t———log( )—ilog
1=y 4

Therefore, equation (2) becomes:
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4 3 l+ & 1
—Iog(l—\ )—-—Iog ~=logx+log(
4 “|1-v
o 1+v ) ;
= ——log (l—\ ) - ’ =log C'x
]"l'-)
3t
(I+\‘ G
= r=(Cx)
(I—\'z
4 =) \4
I+"_ ‘
— X ) = I
/ 2 \'1 ('N.\é
-2 )
\ X

=>xl-y'= C(.\"‘ + y’)z «where C ="

Hence, the given result is proved.

Question 5:

edukalpclasses.com

Form the differential equation of the family of circles in the first quadrant which touch the

coordinate axes.

Answer

The equation of a circle in the first quadrant with centre (a, a) and radius (a) which

touches the coordinate axes is:

(.\'—a):+(‘1'—a)z=a: (1)
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Y“
olet.a)
g

Differentiating equation (1) with respect to x, we get:

2(x—a)+2(y -a)-a:r =0
dx

=(x-a)+(y-a)y'=0

> x—a+w-ay'=0

= x+y'—a(l+)y')=0

x+ '
= a= -
1+

Substituting the value of a in equation (1), we get:

x_[.\‘ﬁ-}f}' " "._" x4+ ] 3 x+y)'~'
1+ \ 1+)' ) I+ y
(x=»)» | [y-x : X+ i

= + =
(1+)) 1+ ) 1+
= (x=p) ¥ +(x=y) =(x+ )

= (x-y)’ [l + (y’):] =(x+»')

Hence, the required differential equation of the family of circles is

(=) (B | = G
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Question 6:
ﬂ«x— l_“': =0
Find the general solution of the differential equation de V1-x
Answer
1y -y
S 1= =0

dx 1=

dy J1-»2

dx J1=22

N dy _ —dx
N1 B ) B

Integrating both sides, we get:

sin” y=—sin"' x+C

=ssin"'x+sin”' p=C

Question 7:
dy / )’i i+l 0

Show that the general solution of the differential equation dxfr St +1 is given by

(x+y+1)=A(1-x-y-2xy), where A is parameter

Answer

dy vV +y+l

—_ =

- =0
de x +x+1

dy (_\.‘3 +y+1)

dx X +x+1
dy —dx
V4y+l X x+l
dy dx

s =3 =
Yy +y+l x +x+1

Integrating both sides, we get:
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I dv +J~ dx C

y+y+l dxT+x+l 3
= J- fb’ 3 +j flx 7=C
(4] +[J5J [r+')+(ﬁ]
-2 2 2 2
-v+| o
:>——?1—1an" alll BEWS. tan~ | —2 [=C
V3 V33 3
L 2 2
= tan™' 2"'+lj|+lun"l:2—x+—1:l=-\ﬁc
L3 LY 2
[ 2y+1 2xdy
g 3 V3 =\/§C
, (2y+1) (2x+1) 2
Vit o
[ 2x #2).+2
= tan ' 3 ﬁ(‘
7

-~
bl

: (4.\3-+ 2x#2y+1) |

— [ 23 (x+y+1) _j|=_‘/§(.:.

2

G(x+y+1) ]zx/-C
)

.
J
2(1-x-y-2xy 2

\/3(.\'-4-y+l) =tan[\/SC

2

3-dxy—-2x-2y-1

= tan

J= B. where B = tan[

\/SCJ

2

=S x+y+l= NE] (1-xy—2xy)

-~

= x+y+l=A(1-x-y-2xy), where 4=

S

Hence, the given result is proved.
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Question 8:
n
&
Find the equation of the curve passing through the point 4 whose differential
equation is, sin x cos ydx +cos xsin ydy =0
Answer
The differential equation of the given curve is:
$in x cos ydx +¢os xsin ydy =0
sin xcos ydx + cos xsin ydy 0

COS X COS ¥
= tan xdx + tan ydy = 0
Integrating both sides, we get:
log(secx)+log(secy)=logC
log(secx-secy)=logC
= secx-secy=C (1)

. m
The curve passes through point (OZJ
~xy2=C
=C=42
g I’,)

On substituting C=v2
Secx-secy = V2

]
= sec.x- =2

cos y

secx

= Cosy=
/)
i secx
Hence, the required equation of the curve is COSV = 2
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Question 9:
Find the particular solution of the differential equation

(1+e™ )dy+(1+)" )e'dv = 0, given thaty = 1 when x = 0

Answer
(I +eé* )afv+(_l +y° )e"dx =0
dy e'dx

3 Iy :()
I+y l+e”

Integrating both sides, we get:

: e'dx -
tan”' y+ —=( w1}
|+e

Lete® =t=>e** =¢°.

d (e') dt

dx
=e'de=dt
Substituting these values in equation (1), we get:

: dt 3
tan '_1'+I —=(
I+t

=tan y+tan't=C

=tan"'y+tan' (' )=C w(2)
Now, y =1atx = 0.
Therefore, equation (2) becomes:
tan"'l+tan'1=C

4 4

=.C=

SRR

- - ‘_E
Substituting = 2 in equation (2), we get:
TRIL A 5 4 T
tan”' y+tan”' (e )_2
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This is the required particular solution of the given differential equation.

Question 10: ¥ .\'
Solve the differential equation  ye’ dxz[xe’ +y° ]d_r(_r #0)

Answer

ve'dx = (.\'e‘ +y° ]d\‘

N £

= ye

y ax V 2
=xe" +y

dy

| {\' dx .\‘:|
yL o B (1)

Lete’ =z.
Differentiating it with respect to y, we get:

d'l"% dz
—| e’ —_——
dy [ ] dy

= d [\) d=
e ==

dy\y) dy
dx
i fpemn | o
e | | 2)
»y dy

From equation (1) and equation (2), we get:
ds _
dy

= :=¢'f_\‘

Integrating both sides, we get:

16 For more study Materials login to
edukalpclasses.com


https://edukalpclasses.com/
https://edukalpclasses.com/
https://edukalpclasses.com/

Class 12

17

Chapter - 9
Differential Equations

(8]
N
T
(@]

=>e'=y+C

Question 11:
Find a particular solution of the differential equation

(x=y)(dx+dy)=dx—dy

given thaty = - 1, when x = 0 (Hint: putx -y = t)

Answer
(x—y)(dx+dv)= dv=dy
= (x—y+Ddy = (1=x+y)dx

dy _l=x+y
dv x—y+l|
& (=) 5
dx l+(x—y)
Letx—y=1£
= f (x-y)= s
dx dx
dv dt
= ]—-—==
dx  dx
dt dy
==
dx dx

dy

edukalpclasses.com

Substituting the values of x — y and dx in equation (1), we get:
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f s Lol

dx 1+t
S

dx 141

dr (1+1)—(1-¢)

R Y

di_

dc 141

:['i]dmzdr
!

-(2)

Integrating both sides, we get:

=>(|+1]dl =2dx
f

t+loglt| =2x+C

= (x—y)+log|x—pf=2x+C
= log[x—y|=x+y+C
Now, y = -1 at x = 0.
Therefore, equation (3) becomes: log1 =0-1+C
>C=1

Substituting C = 1 in equation (3) we get:

log|x—._v| =x+y+l1

This is the required particular solution of the given differential equation.

Question 12:

dx
Solve the differential equation =

{T‘HT )

0)

I(x#
Answer

ey |ax_,

Vx x|y

f
-2Vx

dy _e™ y
a x Jx
,y e
dx \/? \/_\‘
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This equation is a linear differential equation of the form

Iy I grAE
i A Py=Q,where P=—= and O = - M
Vx Vx

dx

|
ady I_.I\ I oo
Now, LLF = ej/ g ef“‘ =e
The general solution of the given differential equation is given by,

y(LF)= [(Qx1F.)dx+C

- e
= ye" e xe V' |dv+C
VX /

5:F | s
=> ,W.’_\ = .[7—— dx+C
X

=y =2x +C

Question 13:
Find a particular solution of the differential-equation

dy
/ + yeot x =4xcosec x(x# 0)
dx

I

T
X==
given that y = 0 when 2
Answer

The given differential equation is:

dy

—= 4 ycot x = 4xcosec x

dx

This equation is a linear differential equation of the form

dy

—+ py = Q. where p=cotx and O = 4x cosec x.

dx

COlxix foelsin x
=g-"

Now, LF = (’J e ("f
The general solution of the given differential equation is given by,

=Ssinx
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y(LF)= [(QxLF.)dx+C
= ysinx = I( 4x cosec x-sinx)dx+C

= ysinx=4 I.\'ct\'+ C

»

. X \
— _vsm.\'=4-T+(

e

= ysinx=2x"+C si(1)
n
y=0atx=—.
’ 2
Now,

Therefore, equation (1) becomes:

-

02X v
4
:>C=—£
2

-

Substituting C=- %

(3

. . W
ysinx=2x" —-

l\)!

This is the required particular solution of the given differential equation.

Question 14:

Find a particular solution of the differential equation
1y ;

(x+ l)i =2 -1
dx

given thaty = 0 whenx =0

Answer
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Lay %
x+1)—=—=2e" -1
(‘ )dx .

dy dx

2¢7" =1 x+l1
e'dy dx
= —

2-¢" x+1
Integrating both sides, we get:

J. = af\: =log|x+1|+logC (1)

2—e
Let2-e" =t.

= e'dt =—dt

Substituting this value in equation (1), we get:
Ilh = log|x+ I|+logC
1
= —log|r| = log|C(x + l)‘

— —l()g‘?.—e"": log C(x !-l)l

|
:"—c‘ =C(x+1)
=2-¢' = : wi(2)
C(,\'+I)
Now, at x = 0 and y = 0, equation (2) becomes:
:>2—l=l‘
=C=l

Substituting C = 1 in equation (2), we get:
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o gl
x+1
\ |
e =2-—
x+1
;v 2x+2-1
= =
x+1
. 2x+1
=pl=
x+1
2x+1
= v =log

This is the required particular solution of the given differential equation.

Question 15:

Chapter - 9

Differential Equations

edukalpclasses.com

The population of a village increases continuously at the rate proportional to the number

of its inhabitants present at any time. If the population of the village was 20000 in 1999
and 25000 in the year 2004, what will be the population of the village in 20097

Answer

Let the population at any instant (t) be y.

It is given that the rate of increase of population is proportional to the number of

inhabitants at any instant.

dy
R N
dr
(;{" - A:‘v
dt
= ﬂ = kdt

Integrating both sides, we get:
logy =kt + C.. (1)

(& is a constant )

In the year 1999, t = 0 and y = 20000.

Therefore, we get:
log 20000 = C ...

In the year 2004, t = 5 and y = 25000.

Therefore, we get:
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log25000=4-5+C
= log 25000 = 5k + log 20000

25000 5
=5k=1lo =log| —
g(Z'OOOO_] g(4J

| 5
k=— =
= Slog(J

In the year 2009, t = 10 years.

-(3)

Now, on substituting the values of t, k, and C in equation (1), we get:

s
log y = 10x % Iog(z |+ log(20000)

=logy= Iog[ZOO()()x L%] }

5. 5
= y=20000x—x-
4 4

= y=31250

Hence, the population of the village in 2009 will be 31250.

Question 16:
The general solution of the differential equation

A. xy =C

v = xdy
.“

B. x = Cy?
C.y=Cx
D.y = Cx?
Answer

The given differential equation is:

ydx — xdy
. o = 0
-"
vdx — xdy
o o - 0
Xy

e L g
b 5 V

Integrating both sides, we get:
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log |x|—log|y| = logk

= log

)

=logk

= y=Cx where C = II

Hence, the correct answer is C.

Question 17:

ﬂ4""!"‘:(-)'

The general solution of a differential equation of the type dy is

A -u)jl'.m- _ J'(Qleji’.dy ':d_t'+(‘
A

B _V'(’ﬁm & J-[ Q,e'[l"‘k y\. +C
C. xel™ - j[(-):t’ I )r/y+C

D. .\‘e‘[n‘h = J.(Qleplm }/,\‘+C

Answer

= +Px=Q, is ejp'd‘r.
The integrating factor of the given differential equation dy

The general solution of the differential equation is given by,

x(LF.)= [(Qx1F.)dv+C
— x‘eIM = J.[Q.L’IW"' }lfv+(‘

Hence, the correct answer is C.
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Question 18:

The general solution of the differential equation
A. xe¥ + x2=C

B. xe¥ +y2=C

C.yex+x2=C

D.ye"+ x?>=C

Answer

The given differential equation is:

e'dy+ (.1'(3" + 2.\‘)4 =10

1y 3
== +ye" +2x=0
dx
v s
=2 y=-2xe
dx
This is a linear differential equation of the form
iy i
@ 4 Py=0.where P=1and O = 2xe *.
dx
Now, LF =)™ = |* &

The general solution of the given differential equation is given by,
»(LF)= [(QxLF.)dr+C

= ye' = I( —2xe™"-¢" Jdx +C

= ye' =— _[2.\' dx+C

= ye' =—x’+C

= ye'+x'=C

Hence, the correct answer is C.
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